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Abstract 

A new generalized formulation of the spectral condition is proposed for quantum fields 
with highly singular infrared behavior whose vacuum correlation functions are well 
defined only under smearing with analytic test functions in momentum space. The 
Euclidean formulation of QFT developed by Osterwalder and Schrader is extended 
to theories with infrared singular indefinite metric. The corresponding generalization 
of the reconstruction theorem is obtained. The fulfilment of the generalized spectral 
condition is verified for quantum fields representable by infinite series in the Wick 
powers of indefinite metric free fields. 
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1 Introduction 

The Euclidean methods are central to the rigorous construction of quantum field models 
with polynomial interaction in lower dimensions, see pp. This construction heavily relies 
on the use of Osterwalder-Schrader reconstruction theorem E] which allows to pass 
from Euclidean Green's functions to quantum field theory in the Minkowski space- 
time. However, the results of El in their initial form are inapplicable to models 
with a singular infrared behavior violating the positivity condition and, in particular, 
to gauge theories. The problem of the Euclidean formulation of QFT in the case of 
pseudo-Wightman axioms with an indefinite metric jU E] was considered in jE] within 
the traditional framework of tempered Schwartz distributions. However, as shown, in 
particular, by the example of the Schwinger model in an arbitrary a-gauge [7] , the exact 
operator solutions of gauge models can be much more singular and, in general, are well 
defined only under smearing with analytic test functions in momentum space. In this 
work, we study the possibility of extending the Euclidean theory to the fields whose 
vacuum expectation values are analytic functionals in momentum representation. 

One of the main difficulties is connected with the adequate generalization of the 
spectral condition, which determines the analyticity properties of the Wightman func- 
tions. In indefinite metric field theories, the space-time translations are implemented 
by pseudo-unitary (in general, unbounded) operators in the state space and, therefore, 
the spectral condition can be formulated only in the weak form, 1.6., clS £L restriction on 
the n-point Wightman functions w n . When w n are tempered distributions, it is of the 
same form as in the ordinary Wightman theory: 1 

supp# n cV™, W n (p 1 ,...,p n ) = J W n (^...^ n )e^ 1+ - +ip ^ n d Pl ...dp n , (1) 

where V + is the closed upper light cone and W n (£) is the Wightman function w n+ i 
expressed in terms of the difference variables £j 

w n+x {x l , x n+ i) = W n (x 1 - x 2 , . . . , x n - x n+x ). (2) 

If W n are analytic functionals, then the condition becomes inapplicable because 
of the lack of test functions with compact support. The problem of the appropriate 
generalization of the spectral condition was raised by Moschella and Strocchi [8:. In j^j, 
it was suggested to overcome this difficulty using the notion of carrier cone which 
replaces the notion of support for analytic functionals and whose existence for a wide 
class of functionals was proved in ^OJE]- The generalized spectral condition which is 
obtained from (JIJ) by replacing the support with a carrier cone is sufficient for deriving 
the usual analyticity properties of the Wightman functions |Hj and is fulfilled for the 
sums of infinite series in the Wick powers of indefinite metric free fields |T2] . Moreover, 
fields representable by such series satisfy even stronger condition stated in terms of the 

1 To avoid inessential technical complications, we consider the case of a single scalar field in d- 
dimensional space-time (d > 2). 
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notion of strong carrier cone which is introduced by Definition |2] below. The latter 
arises naturally when one tries to bring the definition of carrier cone into line with 
with the operation of tensor product of functionals, which plays an important role 
in the problem under consideration. The use of the generalized spectral condition in 
such a stronger form yields simple and effective estimates for the Schwinger functions 
which allow developing the Euclidean formulation in complete analogy with the case 
of tempered fields In this paper, the analysis of the Euclidean formulation of QFT 
is performed at the level of the Wightman functions of the theory. At the same time, 
we believe that the developed approach provides a basis for considering more subtle 
questions connected with finding the Hilbert majorant of an indefinite metric jl]. 

As in [H| [H|, we use the Gelfand-Shilov spaces Sp as the functional domain of 
definition of fields in momentum space. The generalized functions belonging to S'p 2 
grow at infinity like expdpl 1 /^) and their Fourier-transforms like expdxl 1 /"). Thus, the 
indices a and f3 control, respectively, the possible infrared and ultraviolet singularities. 
If < a < 1, then the elements of Sp are entire analytic functions. It is important 
that our treatment covers the case a = which corresponds to an arbitrary singular 
infrared behavior. 

In Sec. [21 we introduce the definition of strong carrier cone and prove that the inter- 
section of strong carrier cones of a functional is again its strong carrier cone. Analogous 
result for carrier cones ensuring, in particular, the existence of the smallest carrier cone 
was established in [10]. In Sec. El we prove that the definition of strong carrier cone is 
compatible with the operation of tensor product of functionals. In Sec. El the theory of 
Laplace transformation is extended to functionals with convex strong carrier cones. In 
particular, we prove a Paley-Wiener-Schwartz type theorem characterizing those ana- 
lytic functions that are Laplace transforms of such functionals. In Sec. this theorem 
is applied to derive estimates for the Schwinger functions. In the same section the main 
result of the paper is presented, namely, the generalized Euclidean reconstruction the- 
orem which covers field theories with arbitrarily singular infrared behavior. In Sec. El 
we check that the generalized spectral condition is satisfied for normally ordered entire 
functions of indefinite metric free fields. Sec. [7] is devoted to concluding remarks. Some 
details of proofs are given in Appendices A and B. 

2 Strong carrier cones 

The space Sg(M fe ) is by definition ^3] the union (inductive limit) with respect to A, B > 
of the Banach spaces composed of smooth functions on M fc with the finite norm 



2 Here and subsequently, we denote the continuous dual of a topological vector space by the same 
symbol with a prime. 




(3) 
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where A and /i run over all multi-indices and the standard multi-index notation is used. 
The spaces Sp are nontrivial if a + (3 > 1 or if a > and a + f3 = 1. From now on, we 
assume that one of these conditions is satisfied. If < a < 1, then Sp consists of (the 
restrictions to R fc of) entire analytic functions and an alternative description of these 
spaces in terms of complex variables is possible ^3] • Namely, an analytic function / on 
C fc belongs to the class if and only if 

|/H| < Cexp(-|j9/5| 1//9 + \Aq\ 1/(1 - a) ), w = p + iqeC k , 

for some A, B > depending on /. For definiteness, we assume the norm | ■ | on M. k to be 
uniform, i.e., \p\ = sup 1<J<A , \pj\. The main element of the approach developed in [TTH ITT] 
is the employment, in addition to the spaces Sp, of analogous spaces associated with 
cones. 

Definition 1. Let U be a nonempty cone in IR fc . The Banach space Sp' B (U), 
< a < 1, consists of entire analytic functions on C k with the finite norm 

\\f\\ u>A;B = sup |/H|exp(|p/5| 1//3 - \Aq\V^ - 8u(Ap) 1 ^), (4) 

wec k 

where 5u(p) = mi p i eU \p — p'\. The space Sp{U) is defined to be the inductive limit 
lim „ „ S^'n(U). 

A nonempty closed cone K is called a carrier cone of the functional u G S'g a (M k ) if u 
extends continuously to every space Sg(U), where U is a cone with an open projection 3 
such that K C U . As shown in [HUE], the space Sp(R k ) is dense in each space Sp{U). 
The space of the functionals carried by the cone K is therefore identified with s'p(K), 
where s%(K) = lim^S^f/). 

It should be mentioned that in [HUH], the spaces Sp{U) are defined for open cones 
U and a closed cone K is said to be a carrier cone of u if this functional has a continuous 
extension to every Sp(U), where K \ {0} C U. This definition is equivalent to the one 
given here. It is easy to see that all results of [TU1 HI] concerning the spaces Sg(U) 
remain true for any nonempty cone U. In what follows, we find it convenient to use the 
spaces Sp(U) associated with arbitrary nonempty cones because this allows handling 
the degenerate cone {0} on the same footing as nondegenerate closed carrier cones. 
We also note that in (TU1 HI], the space Sp(K) was denoted by Sg(K). Here, such 
notation might lead to confusion because the spaces Sa(K) and Sp{U) are no longer 
distinguished by the type of the cone. 

The following result established in ^0] shows that every functional of the class 
Sp a (Mr) has a uniquely defined minimal carrier cone. 

Theorem 1. // both Ki and K 2 are carrier cones ofu G S'^W 1 ), then so is KiC\K 2 . 

The cone V™ , which enters into the formulation (0) of the spectral condition, has a 
natural direct product structure and the following definition turns out to be useful for 
generalizing the spectral condition. 

3 The projection of the cone U is by definition the intersection of U with the unit sphere in M. k ; the 
projection of U is meant to be open in the topology of the sphere. 
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Definition 2. Let Ki, . . . , K n be nonempty closed cones in R kl , . . . , R kn respec- 
tively. The cone K\ x ... x K n is called a strong carrier cone of the functional 
u G S'p(M. kl+ -- +kn ) if m allows a continuous extension to the space Sg(Ki, . . . ,K n ) = 
lim^ v Sp(Ui x ... x U n ), where the inductive limit is taken over all cones Ui, . . . ,U n 
with open projections such that Kj C Uj for all j = 1, . . . , n. 

The meaning of the spaces s'g(Ki, . . . , K n ) is clarified by Lemma El below. If n = 1, 
then we recover the definition of carrier cone. As shown in jTT] , the natural embeddings 
Sp'g(U) — > S^'giiJJ) are compact for A' > A, B' > B sufficiently large. Therefore, 
Sg(U) and sg(ir x , . . . , lf n ) are DFS-spaces (we recall that DFS-spaces are, by defini- 
tion, the inductive limits of injective compact sequences of locally convex spaces). In 
particular, they (and their duals) are reflexive, complete, and Montel spaces [Hj. 

Clearly, s'o(Kx, . . . , K n ) C s'a(K\ x ... x K n ), but the following example shows 
that the condition u G s'^Ki, . . . , K n ) is, in general, stronger than the condition u G 
s'${K x x...xK n ). 

Example 1. Let u(p) be the function equal to unity on the set {p G M 2 | p 2 > 
— |pi| 2 / 3 } and zero outside this set. As a generalized function, u obviously belongs to 
sf(R x E+) for all < a < 1 and (3 > 1 - a. Let us show that u £ sf^(R,R+) = 

Sf/zi^- x Use the test function f{w) = exp(—wf — tof) belonging to S* 2 ^ x K+) 
and define #(10) by the same formula as / but with the twice less exponent. By the 
above-mentioned density property, there exists a sequence g v G S^{E?) converging to g 

in S'Jy^JR x IR + ). Set f u (w) = g v (w)g v (w) (bar means complex conjugation). Obviously, 

fvip) > and /„ — »• / in S 2 ',^(M. x R+). Since the integral J u(p)f(p)dp is divergent, we 
conclude by the monotonic convergence theorem that J u(p)f u (p)dp — > oo as ^ — > oo. 
The following analogue of Theorem ^ is valid. 

Theorem 2. Lei k[ 1,2) , . . . , ^ 1,2) 6e nonempty closed cones in R fcl , . . . , R fcn re- 
spective/?/. // 6ot/i x ... x i^P and k[ 2 ^ x . . . x are strong carrier cones of 
u G Sft(R kl+ - +kn ), then so is (K^ n K{ 2) ) x . . . x (i^ 1} n K^)- 

Before we pass to the proof, let us set up the notation and recall some facts con- 
cerning cones m ]R fc . Let C(R k ) denote the set of all cones in Wc containing the origin 
and let 0(R k ) be the subset of C(IR fc ) consisting of cones with open projections (or, 
which is the same, of those cones whose intersection with R k \ {0} is open). We note 
that the cones Uj in Definition |2] belong to 0(M. kj ). Obviously, for any (open) subset 
O of the unit sphere there is a unique cone U G C(M. k ) (resp., U G 0(R k )) such that O 
is the projection of U. Using this one-to-one correspondence, one can apply standard 
compactness arguments to cones in C(R fc ) to obtain: 

(I) if U G C(R k ), V G 0(R k ), and U <s U, 4 then there exists W G 0(R k ) such that 
UmWmV; 

(II) if Ui, U 2 G C{R k ) and U x U 2 = {0}, then there exist V u V 2 G 0{R k ) such that 
U 1>2 m V 1>2 and Vi n V 2 = {0}; 

4 A cone U is said to be compact in a cone V (notation U <e V) if U \ {0} C V. 
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(III) if V G C(R k ), U G 0(R k ), and V m U, then V D AU = {0}, where AU = 
(R k \ U) U {0} corresponds to the complement of the projection of U in the unit 
sphere. 

Proof of Theorem^ Let u\ i2 be the extensions of u to the spaces s^(k[ 1,2 \ . . . , Kn' 2 ^) 
which exist by the hypothesis and let / G s^(k[ 1] , K$p) n ^(irf 2) , . . . , K (2) ). By 
Definition^ there are cones U^' 2) G C(R fel ), . . . , U^ 2) G C(M fc ") such that k[ 1,2) x . . . x 
J^ 1 ' 2 ) C = C/f' 2) x ... x ttf' 2) and / G n S£(^ 2 >) = U \/( 2 )). 

The existence of continuous dense embeddings Sp(R kl+ -- +kn ) — > Sp(V^ U V^) — > 

s^(i^i , . . . , Kn 1 ' 2 '') implies that «i and u 2 coincide on S^(V^ U V^) and, conse- 
quently, 

= Mf) for every / G s^K^, . . . , n s%K?\ ...,K®). (5) 
Let us consider the mapping 

j : . . . , *W) x s^{ 2 \ . . . , iff ) - ^(jtf) n k{ 2) , . . . , km n 

taking / 2 ) to / x -/ 2 . If j is surjective, then s%{k[ 1] nK[ 2) , K^flK^) is topolog- 

ically isomorphic to the quotient space [s^{K^\ . . . , Kn ) x s^(i^{ 2 ' 1 , . . . , iff)]/ ker j 
by the open mapping theorem (see Theorem IV.8.3.), which is applicable be- 
cause all spaces under consideration are DFS. From (J3J), it follows that kerj is con- 
tained in the kernel of the functional (fi, f 2 ) — * Ui(fi) + u 2(f2)- As a consequence, 
the latter allows a canonical decomposition of the form u o j, where u belongs to 
s'q(K^ n iff, • • • , iff H iff) and, as one can easily see, is the extension of u. Thus, 
it remains to prove the surjectivity of j. It is ensured by the following decomposition 
theorem for test functions. 

Theorem 3. If f E s^iff n iff, . . . , iff n iff) then f = /« + f^ with 

f^es^K^ 2 \...,K^). 

To prove Theorem El we need three lemmas. 

Lemma 1. Let U G C(R kl ), V G C(R k2 ), and let U 1: U 2 G C(M fcl ) be such that 
U 1 nt7 2 = {0}. Then for every f G S$(U x V) one can find f 1>2 G S$((U U Z7i, 2 ) x V) 
such that f = f\ + f 2 . IfUe 0(R kl ), then the condition U x nU 2 = {0} can be replaced 
by U 1 f]U 2 C U. 

Proof will be given for < a < 1, when the space Si_ a is nontrivial. The more 
difficult case a = is considered in Appendix A. By (II), there exist cones Qi,Q 2 G 
0(R kl ) such that Ui j2 <e Qi j2 and Q\P\Q 2 = {0}, and in view of (I) one can find cones 
V U V 2 G C(R fcl ) such that U 1>2 <e V 1)2 d Qi, 2 - Set W a = Q x and W 2 = AQ X . By (III) 
we have W l nV 2 = V l nW 2 = {0}. Let g G S££ B(J (R* 1 ) and J Rkl g Q {p'W = 1. We 
set 

g 12 ( w ) = f go ( w > - v )dr), w = (w',w") G C fel X C^ 2 . (6) 
Jw 2 ,i 
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Obviously, g±, g 2 are entire analytic functions on C kl x C fc2 and gi + g 2 = 1- If 77 G ^1,2, 
then |p' — 77 1 > Sw 12 {p') an d in view of (jlj) we have 



I gi,2 O) I < Cexp 



(Aolg'l) 1 ^-)-^ 



2Br 



!/(!-«)■ 



(7) 



Set / 1)2 = /#i, 2 and fix A B > such that / G S^(£7 x 1/). If p' <£ V u then S^ip') > 
9\p'\ for some < 9 < 1 and in view of the inequality \p'\ > b~u{p') we have Su(p') < 
5u l{ ju(p' ' /9). Hence, taking (JU), ((7j) and the relation Suxvip) — niaxf^tj/), $v(p")] into 
account, we find that 



1/iHI < C||/|U, B exp (2(A) + A)|g|)i= + 5 {UlUU)xV (Ap/6)^ -(\p\/B) 



V/3 



for p' ^ Vi. Further, there is 9\ > such that o~w 2 {p') > ^lb'l f° r p' G Therefore, 
for A < 9 1 /2B , using (@J) and (0), we obtain 



1/iWI < C||/|U, fl exp (2(4, + A)|g|)^ + 5 v (Ap")r^ - (\p\/B) 



V/3 



(9) 



for p' G Vi. Comparing © and ©, we conclude that f ± G S^\(U U U x ) x V) for 
A' > 2(A + A) + A/6>. Analogous arguments show that / 2 G Sf((U U C/ 2 ) x V) for B 
sufficiently large. 

If U G 0(R kl ), then #inif 2 = {0} for the nonempty closed cones K 1)2 = U^nAU, 
and according to the above we have a decomposition / = fi + f 2 , where /i j2 G S%((UU 
-^1,2) x V). To complete the proof, it remains to note that K\ 2 UU D Ui j2 U U. 

Lemma 2. Let U x G 0(R kl ), U 2 G 0(R k2 ), U G C(R k ), and V h2 G C(R kl > 2 ) be 
such that V\_ t 2 <e £^1,2 ■ 27ien /or ei>en/ / G Sg(Ui x C/ 2 x £/) 7 i/iere zs a decomposition 
f = / x + / 2; w/iere /1 G x R te x [/) and / 2 G 5|(M fcl x V 2 x f/). 

Proo/. By (I), one can find W 1±2 G 0{R kl - 2 ) such that 7i, 2 m_W 1)2 _m U h2 . Set 
Qi = Vi x AW 2 and Q 2 = AWi x t/ 2 . According to (III) we have Q 1 C]Q 2 = {0} and 
by LemmaHJ f = fi + / 2 , where A,2 G ^([(Z/i x U 2 ) U <5i, 2 ] x U). It remains to note 
that (Ut x £/ 2 ) UQiD^X R k2 and (C/ x x C/ 2 ) U Q 2 D R kl x F 2 . 

Lemma 3. Let V l ,U l ,..., V n , U n be cones in R kl , . . . , R k " such that Vj G C(R k i), 

If f G 52(E7i x...xf/„), tfjen 



, n. 



L^- 1 x V$ x 



X 



j V n: 



E/,- G O(R fe 0, and Vj m Uj for all j = 
/ = A + • • • + A ^ A G ^(R fc ^ x . . . 

Proof. We shall prove the following stronger statement. Let the cones Vj_, Z7i, 
satisfy the conditions of the lemma and let U G C(R fc ). Then for every / G Sp(Ui x . . . x 
U n x [/) there exists a decomposition f = f\ + . . . + f n , where / 3 - G ^(R^ 1 x . . . x R^- 1 x 
Vj x R^ +1 x ... x R fcri x U). The statement of the lemma corresponds to the particular 
case R k = U = {0}. For n = 2, the proof is reduced to applying Lemma El For n > 2, 
we proceed by induction on n. Supposing the statement to hold up to n — 1, we choose 
the cones W h2 G C(R fcl - 2 ) such that V h2 m W 1)2 m U Xt2 . By LemmaEJ / = fi+f 2 , where 
A G 5|(Wi xR fe2 x C/ 3 x . . . x U n x C/) and f 2 G ^(R* 1 x Wa xU 3 x . . . x U n xU), and in view 
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of the natural isomorphisms W\ x R k2 xU 3 x . . .xU n xU = Wi x U 3 x . . . x U n x (R k2 x U) 
and R kl xW 2 xU 3 x ... x U n x U = W 2 x U 3 x . . . x U n x (R fcl x U) we obtain the 
desired decompositions of f\ and f 2 . The lemma is proved. 

We now prove Theorem El By Lemma we have a decomposition / = fx + . . . + f n , 
where fj G s%(R kl , . . . , R k i~ l , n Kf\ R^+ x , . . . , j = 1, . . . , n. Let the cones 

Uf\ uf \ Uj G be such that G S%(R kl ,. . . , R k ^\Uj, R k t+\ . . . , R k "), Kf> 2) m 

uf' 2) andU^nUp C Uj. By Lemma □ there is a decomposition fj = fj+fj 2 \ where 

ff' 2) G S^(R kl x . . .xK^- 1 xf/j 1,2) xR^ 1 x . . .xR fc »). Setting /t 1 ' 2 ) = / 1 (1,2) + . . ,2) , 
we arrive at the desired result. 

3 Tensor products 

We refer the reader to jT^j for the definition and properties of the inductive topology 
(z-topology), projective topology (7r-topology), and the topology of equicontinuous con- 
vergence (e-topology) on tensor products of locally convex spaces. Recall that tt- and 
e-topologies coincide on the tensor products of nuclear spaces, while i- and 7r-topologies 
coincide on the tensor products of Frechet spaces. 

Lemma 4. Let L« and be DFS-spaces. Then L« ® t = L (1) ®„ . If 
is nuclear, then (L^<S>iL^)' = L^' ®iL^' , where the hat means completion and 
the prime denotes the strong dual space. 

The proof is given in Appendix B. In |16j . it was shown that if L^ 2 \ and L are 
the strong duals of reflexive Frechet spaces, then every separately continuous bilinear 
map of x into L is continuous. From Lemma EJ it follows that if and 
are DFS-spaces, then an analogous statement holds for any locally convex space L. 

Let lfi-\ . . . , IA n ' be locally convex spaces. We denote by L^®i . . . Cg\ZA n ) the com- 
pletion of LS 1 ' (gi . . . eg) relative to i-topology. If L n is a barrelled space, then there 
is the canonical identification 

. . . ®iLM = (LV>®i . . . ® i L ( > n - 1 '))® i L<ri (10) 

(to construct this isomorphism, one can use theorems III. 5. 2 and III. 5. 4 of [TH]). 

Lemma 5. Let Ki,...,K n be nonempty closed cones in M fcl , . . . W kn respectively 
and let < a < 1 . Then we have the isomorphisms 

s%(Ki, . . . , K n ) = 8%{K X , . . . , K n ^ iS ^(K n ), 
s'${Ki, ...,K n ) = s'^KJ&i . . . ® iS f(K n ). 

Proof. As we have already mentioned above, the spaces introduced by Definition |2] 
are DFS. Moreover, they are nuclear as countable inductive limits of the spaces Sp(U), 
whose nuclearity was established in [TT]. Since Sp(Ki, . . . ,K n ) is Hausdorff and com- 
plete ^3], the first isomorphism follows immediately from Definition |21 and the existence 
of the natural identification S%{U\ x U 2 ) = Sp(Ui)®iSp{U 2 ) for any nonempty cones 
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Ui, U2, see [11, Theorem 3. The second isomorphism is obtained by induction from the 
first one using (fiT)|) and Lemma 0] 

Lemma 6. Let G\ and G 2 be subspaces of locally convex spaces L\ and L2 respec- 
tively. Then the topology of equicontinuous convergence on G\ <8> G2 coincides with that 
induced from L x ® e L 2 . 

Proof. Let ji 2 be the natural injections of Gi j2 into L 12 and let j = ji (g) j 2 - We 
denote by £i >2 (£1,2) the families of equicontinuous subsets of L' 12 (resp., of G' l2 ). The 
polar sets of (Si <S> S 2 )°, Si >2 G £1,2 form the basis of neighborhoods of the origin for 
e-topology on Li ® L 2 . Since j[ 2(^1,2) = £1,2 according to [15J, Theorem IV.4.1, the 
sets [j[(Si) ® j 2 (S2)]°, Si t 2 G £i 7 2, form the basis of neighborhoods of the origin for 
e-topology on Gi ® G2. It remains to note that in view of Proposition IV. 2. 3a of [To] 
and the equality j' = j[ <S> j'2 these sets coincide with j~ l [(Si ® 5 , 2 )°]. 



4 Laplace transformation 



Definition 3. Let (3 > 1, let Vi, . . . ,V n be nonempty open connected cones in 
. . . , R kn respectively, and let V — Vi x . . . x V n . The space A^(Vi, . . . , V n ) with 
< a < 1 (with a = 0) consists of analytic functions in T v = R fcl x . . . x R kn + iV 
that have, for any e > (resp., for any R, e > 0), the finite norms 

\\v\\e,v { ,..,v> = sup |v(^)in" «p(-e|*il 1/o -c|yi|- 1/0 '- 1) ) 

zGT v ' 3 ~ 

resp., ||v|| eA v/ v£ = sup |v(z)|TT exp(-e|y i | _1/(/3_1) ) , y j = 1mz j , 

where V[, . . . , V£ are arbitrary cones compact in Vi, . . . , V n and V = V{ X . . . X V^. 

If a nondegenerate bilinear form (•, •) is fixed on R k , then the Fourier transform of a 
test function f(x) G S@ (M. k ) is defined by f(p) = J f(x)e l(p ' x ' dx. The mapping / — > / 
is a topological isomorphism of S@ (R k ) onto S'^(M fc ). If f3 > 1, V is an open connected 
cone in R fc , and K = V* = {p : (p, y) > G V}, then, as one can easily see, 
e l (-> 2 > g s?(X) for any z G T^. The Laplace transform Cyii of a functional u G s'S'(K) 
is defined by (_£yiz)(;s) = u(e l ('' z '), 2 G T v . As shown in [TT] . the Laplace operator 
£y is a topological isomorphism of s'^(K) onto *4.q(V) an d hence -A^C^O * s a reflexive 
Frechet space. 

For M. k = R kl x ... x IR fc ™, we assume that (p,x) = YTj=o^Pji x j)ji where (•, -)j is a 
nondegenerate bilinear form on E J . 

Lemma 7. Let (3 > 1, < a < 1, and v G -4„(Vi, . . . , 14), where Vi, . . . ,V n are 
nonempty open connected cones in R fcl , . . . , ~R kn respectively. Then v(zi, . . . , z n -ij ■) G 
•A£(V n ) for any Zi G T Vl , . . . , ^ n _i G T^- 1 and v u (si, . . . , z„_i) = u(v(zi, z n _i, ■)) 
belongs to A^(Vi, . . . , V^_i) /or all u G (V^). T/ie mapping u — > v u /rom *4.(f (14) 
mto ^4„(Vi, . . . , Vn_i) is continuous. 
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Proof. We define the space A^(Vi, . . . , V n ) in the same way as A^{Vi, . . . , V n ) with 
the only difference that the elements of need not be analytic functions. A^(Vi, . . . , V n ) 
is a closed subspace of A^(Vi, . . . , 14). Let < a < 1, let e > 0, and let V/, . . . , 
be closed subcones of Vi, . . . ,V n . Set -B^yv = {u G >t«(T^i) : |w(w)| < ||w|| ej vv Vw G 
Using Definitional we obtain 

< llvlkyf,...^ II^ 1 expCcl^l 1 /- + ei^i-i/OJ-D) 

for every u G B e V ^ and every Zj G T v i , 1 < j < n — 1. Consequently, ||v w || e> v 1 ',...,v'_ 1 < 
Il v lle,vv,...,v^ f° r u ^ ^e,v^- Thus, v u belongs to the space A^(Vi, . . . , V n -\) for any 
it G *4.£f(Ki) and the image of B e y^ under the mapping u — > v u is bounded in this 
space. The scalar multiples of -B e y/ form a fundamental system of bounded subsets in 
the space A'£(V n ), which is bornologic as the strong dual of a Frechet space, see [To] . 
Sec. IV. 6. 6. Consequently, the mapping u — > v u from (V^) to A^(Vi, . . . , V n -i) is 
continuous. Let <5 2 , z G T^' 1 , be the functional in A'£(V n ) which is equal to w(z) on the 
test function w G A^(V n ). Since A^{V n ) is a reflexive space, the linear span L of such 
functional is dense in A'^(V n ). It is clear that v u G A^{Vi, . . . , V n -i) for any u G L 
and, since .4.^ is closed in A@, we have v u G .A^(Vi, . . . , for any u E L = A'^(V n ). 

The changes in the proof for the case a = are obvious. The lemma is proved. 

Let Vi, . . . , V n be nonempty open connected cones in M fcl , . . . , IR fcn respectively and 
let Kj = V*, j = l,...,n. The product A^(Vi) ®i . . . ®. t A^(V n ) is continuously 
embedded into A^(Vi, . . . , V n ) by of the ordinary identification 

(Vi <g> . . . ® v n )(zi, . . . ,2^) = vi(z 1 )...v n (z n ), y,- G^(X^-)- 

We define the operator £vL,...,v n : s 'p{^ii ■ ■ ■ ■> Kn) — > A^iVi, . . . , V„) as the continuous 
extension of Cy 1 ®i ■ ■ ■ ®i Cy n to s'g(Ki, . . . , K n ). By Lemma El and in view of the 
completeness of A^, such an extension exists and is uniquely defined. For any u G 
sf{K x , . . .,K n ), we have 

(C Vl ,...,v n u)(z) = u(e i ^), zeT v , (11) 

where V = V\ x . . . x V n . Thus, £vi,...,Vr. * s * ne restriction of the Laplace operator 
£vix...xv n to s'g(Ki, . . . , lf n ). To prove formula (fTTjl . it suffices to note that it holds for 
u G sjg*(lfi) (g) . . . ® s'p(K n ) and next to make use of Lemma El and the continuity of 
both sides of the equality in u. 

Theorem 4. Let (3 > 1, < a < 1, let V\, . . . , V n be nonempty open connected cones 
in IR fcl , . . . , R fc ™ respectively, and let Kj = V* , j — 1, . . . , n. The Laplace transformation 
£>v u ...,v„ is a topological isomorphism of s'^(Ki, . . . , K n ) onto A^iVi, . . . , V n ). If u G 
s'p(Ki,...,K n ), then (£vi,...,v n u )(' + iy) tends to the Fourier transform of u in the 
strong topology of S'£ (IR fcl x . . . x M fcn ) as y — > inside any cone V{ x . . . x V^, where 
VjmV j ,j = l,...,n. 
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Proof. In [IT] the statement was established for n = 1 and it is sufficient to prove 
the theorem supposing it holds for the spaces over n — 1 cones. The mapping Cvi,...,v n is 
injective as the restriction of the injective operator Cy 1 x...xv n - Let v G A^(Vi, . . . , V n ). 
We define the bilinear form b v on A'g(Vx, . . . , V n -x) X A'g(V n ) by b v (ux,u 2 ) = Ui(y U2 ). 
By Lemma the form 6 V is separately continuous. Let T\ : Sg(Ki, . . . , K n -x) — > 
A'g{Vx, . . . , K-i) (T 2 : s|(if n ) -> ^Jf(K)) be the dual 5 mapping of ^...^^ (resp., of 
£y ). By LemmaEl the separately continuous bilinear form B v (f 1 , f 2 ) = b y (Txfx,T 2 f 2 ) 
on s%(Ki, . . . , K n _i) x Sfl(if n ) uniquely determines a functional it G s'^(K 1 , . . . , X n ) 
such that u(fi ® f 2 ) = B v (f u f 2 ). If z = (zx, ■ z n ), z = (zx, and ^ G T Vj , 
j = 1, . . . , n, then 

u(e^) = B v (e^',e^) = K{5~ zl 5 Zn ) = v{z), 

where (p, z)' = Yl]j=i(Pj^ z j)j> P ^ x • • • x ^* n_1 - Thus, v is the Laplace transform 
of u, i.e., the operator Cv\,...,v n ls bijective. The open mapping theorem shows that 
£vi,...,v n is a topological isomorphism. If u G s'g(Kx, . . . ,K n ) and / G S^(M. kl+ "- +kn ), 
then 

J (£ Vl ,...,v n u)(x + iy) f(x) dx = u(e-^f), y G Vx X . . . X V n . (12) 

Indeed, the formula holds for n = 1, see [TT], and £vi,...,v„ M coincides with £y lX x y n w. 
The direct check shows that e~^ ,v ' / — > / in the topology of Sg(Kx, ■ ■ ■ , lf n ) as y — > 
inside V( x . . . x V^. Therefore, to prove the last statement of the theorem, it suffices 
to apply (|T2|) and to take into account that in the Montel space S'£, weak convergence 
and strong convergence are equivalent. 



5 Euclidean reconstruction theorem 

From now on, the Lorentz product p°x° — p l x l — ... — p x of p, x G M. d will be 
denoted by px. 

All requirements of the Wightman formalism except for the spectral condition are 
formulated in the usual way for the fields of the class S'g , 0<a<l,/?>l (under the 
condition /3 > 1, the local commutativity is formulated as usual). As we have already 
noted in Introduction, the spectral condition in standard form (JTJ) is inapplicable in this 
case because of the lack of test functions of compact support in p-space. To obtain an 
appropriate generalization of the spectral condition, one can use the notion of strong 
carrier cone introduced in Section 2. As a result, we come to the following set of axioms 
for the Wightman functions: 

Wl (Growth and singularity) w n G S'£{R dn ) < a < 1, (3 > 1; 

W2 (Relativistic invariance) w n (Axx + a, . . . , Ax n + a) = w n (xx, ■ ■ ■ ,x n ) for any proper 
Lorentz transformation A and vector a G M d ; 

5 Since are reflexive spaces, we identify s'p a with s%. 
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W3 (Generalized spectral condition) V™ is a strong carrier cone of W n , i.e., W n G 
sf (%,...,%); 

W4 (Locality) w n (x x , . . . , xj, x j+h x n ) - w n (xi, . . . , x j+ i, Xj,...,x n ) = if xj - x j+1 is 
space-like. 

We do not impose the positivity condition on w n , which corresponds to the case of an 
indefinite metric in the state space. Besides, we do not require the fulfillment of the 
cluster property which is not equivalent to the uniqueness of the vacuum in indefinite 
metric theories, see [3]. 

It should be noted that in the indefinite metric case, theory is not determined 
uniquely by its Wightman functions and to obtain its complete operator realization, 
it is necessary to specify, in addition to the sequence w n , the Hilbert majorant of the 
indefinite metric which determines the convergence in the state space [3]. For simplicity, 
we restrict our consideration to Wightman functions and do not touch here more subtle 
questions concerning the construction of the Hilbert majorant. 

Using TheoremHJand condition W3, we conclude 6 that W n {^) is the boundary value 

of the function W n (£) = (27r)~ dn £v_,...,v_ W n holomorphic in the past tube W 111 + iV™ . 

Correspondingly, w n is the boundary value of the function w n (zi, . . . , z n ) = W n _i(zi — 

z 2 , ■ ■ ■ , z n -i — z n ) holomorphic in the domain {z : Zj — Zj+\ G M, d + iV_}. Standard 

analysis based on the relativistic invariance and locality shows that w ra can be 

continued analytically to the extended domain 0^ xt which is invariant under the complex 

Lorentz transformations and the permutations of arguments. For x = (xi, . . . ,x n ) G 

M, dn , we set ix = (uci, . . . , ix n ), where iXj = (ix®, xj, . . . , x d ~ x ). Then ix G O exi if and 

only if x G = {x G lR dn : Xi ^ Xj, 1 < i < j < n}, see E|. The Schwinger 

functions s n are defined by the relation s n (x) = w u (lx), x G M^ n . In the same way 

as in the ordinary theory [21 E], we establish that s n are rotationally invariant and 

symmetric with respect to the permutations of arguments. Let S n (£) be the Schwinger 

function s n+ \ expressed in terms of the difference variables £j = Xj — Xj+i, and let 
R dn _ | x e R dn . x < Q) j _ 1) ^ n y j f £ e R dn then £ lieg in the pagt tube and 

by Theorem HI the function S n (£) = W n (t£) satisfies, for < a < 1 (for a = 0), the 
bound 

1^(01 < aexp[e|e| 1/Q + e(mi ni <,< n |e°|)- 1/M ], £ e Ml™, (13) 
(resp., \S n (£)\ < C e , R exp[ e (min 1 < J <„, {^l)' 1 ^}, £ G |£| < R) 

for any e > (resp., for any e, R > 0). As shown in [3] (see the proof of Theorem 9.30), 
for any x G there exist a rotation T and a permutation ir of the set [l..n] such that 

min 1 < i < n _ 1 [(Tx 7r y +1 ))° - (Tx^f] > cmim,^ \xj - x k \, (14) 

where c is a positive constant depending only on n. In view of the invariance of the 
Schwinger functions under rotations and permutations of arguments, (|TS|) and (fT4*j) 

6 Here and subsequently, applying Theorem^ we set (p, x) = — Yll=iPj x j> Pi x S K dn - 
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imply the inequality 

\s n (x)\ < aexp[e|x| 1/a + e(min^ k \x j - x k \)~ l/ ^~ 1] ], x G Rj n , (15) 
(resp., \s n (x)\ < C e ^exp[e(min i#fc \x s - x fc |)" 1/(/J_:l) ], x G Rj n , \x\ < R). 

for any e > (resp., for any e, R > 0). The obtained estimates allow interpreting s n as 
generalized functions defined under smearing with suitable test functions. The relevant 
test function spaces are introduced by the following definition. 

Definition 4. Let a > 0, (3 > 1 and let O be an open set in R fc . We denote by 
E£(0) the subspace of 5*f (M fc ) consisting of those functions that are identically zero on 
the complement CO of O together with all their derivatives. 

E^(0) is a closed subspace of S*f (R k ). Therefore, by Theorem 7' of [TJ], we have 
2#(0) = hm A B>0 £££(0), where ^ (O) is the Banach space consisting of the func- 
tions / G E@(0) such that |||/|||b,a < °o (see formula 0). 

Lemma 8. Let O be an open set in R fc . If a > (if a = 0), then for any A, B > 
t/iere is A' > suc/j i/iai /or all x £ O and f G E^(0) the inequality 

< Clil/ili^expt-AVl 1 /" - A'CJcoC^))- 1 /^- 1 )] 
(resp., |/(x)| < C|||/|||B,Aexp[-A / (5 Co (a;))- 1 ^- 1 )] and /(x) = /or |x| > A), 

zs valid, where o~co( x ) is the distance from x to CO. 

Proof. Let / G E^(0), x G O and x be a point in CO such that \x — x \ = S^ (x). 
By Taylor's formula, for every m G N = 0,1,... we have f(x) = Yl\\\= m ® X f( x o + 
th)h x /X\, where < t < 1, h and the standard multi-index notation is 

used. From © it follows that \d x f(x)\ < \\\f\\\ BA B^\X\^. Since \h x \ < |/t|W we 
get \f(x)\ < \\\f\\\ B A B \h\) m ^ m j: w=m l/X\ = \\\f\\\ B AB\h\k) m m^/m\ and using 
the inequality ml > (m/e) m , we find that |/(x)| < \\\f\\\B, A i^f m en(B\h\ke) m m^-^ m . 
As shown in [T3], Sec. IV.2, mf m £- m m am < exp(-f^/ a + ae/2) for any £, a > 0. 
Replacing a and £ with (3 — 1 and 1/B\h\ke respectively, we obtain 

\f(x)\ < dlll/HlB^exp (-iP^±(Bke6 Eo (x))-^ . (16) 

On the other hand, by © we have |/(x)| < 1 1 1/| | \ B<A inf mm {A/\x\) m m am . For a = 0, 
this implies that f(x) = for |a;| > A. If a > 0, then an analogous estimation of 
the infimum shows that \f(x)\ < C 2 1 1 1 / 1 1 1 ^,.4 exp(— f (\x\/A) l / a ). Multiplying the last 
estimate and inequality (fTHjl and taking the square root of the left- and right-hand sides, 
we arrive at the statement of the lemma. 

Since 5^ R d n (x) < min^ \xj — x k \ for x G R^ 1 , Lemma|Hland the estimate ()15j) imply 

that s n G Eg (R^ n ). Analogously, from it follows that S n G Eg (Rl n ). 

For v G ^(V_,...,V_), we set / v (/) = (27T)-* 1 f Rdn v{ix)f{x) dx, f G E?(R dn ). 

By Lemma |Hl the mapping v — > Z v from ^(V_, . . . , V_) into Eg (Ml™) is continuous. 
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Consequently, for every fixed / G E^iW^) the functional u — > lc v _ v _u(f) is contin- 
uous on s^(V + , . . . , V + ) and because of the reflexivity of the latter space there is an 
element / G s^(V + , . . . , V+) such that 



(2n)- dn (C Y __ v _uM)f(0^ = u(f), ue4 a (V + ,...,V + ). (17) 
Taking u = 5 P (the value of 5 P on a test function g is equal to g(p)), we find that 

fip) = (2n)- dn [ /(o ex P \j2 n , (p°e° - ^ef - • • • - ^reHl (is) 

The mapping / — > f from i7^(Rl n ) to s§(V + , . . . , V + ) has the continuous injective 
mapping w — > / £v v u as its dual. As a consequence, it is a continuous mapping with 
dense image. 

Lemma 9. The mapping f — > / defined by (ji&j) zs a continuous dense embedding 
of E^R^) znto 5|(Rf ), w/jere Rf = -Ml™. 

To prove the lemma, we need the following auxiliary statement. 

Lemma 10. Let V\ and V 2 be nonempty open convex cones in R fcl and R fc2 respec- 
lively. Then E^ x V 2 ) = E^V^E^). 

Proof. Applying LemmalUto the nuclear DFS-spaces E^(Vi t2 ), we obtain E^(Vi) (g)j 
^(^2) = ^aiyi)®e^aiY2) and by Lemmaini it suffices to show that the tensor product 
^a(^i) ® ^aO^) * s dense in E@(Vi x V 2 ). In other words, we have to demonstrate that 
if a functional u G S'£ (W kl+k ' 2 ) vanishes on E^(V\) ® E^(V 2 ), then it also vanishes on 
EP(Vi x V 2 ). To this end, we take ^i j2 G E^(—Vi t2 ) such that / R fc 12 ^1,2 dx = 1 and set 
%{x u x 2 ) = e-^^ixt/e^i^/ej. If x G V x x> 2 , then * e (x--') G '^(VO ® r£(V 2 ) 
and, consequently, (w * ^ £ )(x) = 0. Hence, for / G E^(Vi x V2), we have it(/) = 
lim e ^ fv lX v 2 ( u * ^s)( x )f( x ) = 0. The lemma is proved. 

Proof of Lemma\^ If / = 0, then setting u = 5 Lp in ()17jl. we see that the Fourier 
transform of / vanishes and hence / = 0. Thus, the mapping / — > / is injective. For 
/ G E^(R_), we set /(p) = (27r) _1 J R /(0 e ^ p d£. I n the same way as above (see the 
paragraph preceding the formulation of Lemma EJ), we establish that / G s^(R + ) = 
Sg(R+) and that the mapping P taking / to / is a continuous dense embedding of 

(R_) into S|(R+). By Lemma [TOJ we have E^(R d ) = Eg (R_ )<§>*££ (R 1 *- 1 ) and 
Theorem 3 of HU ensures that S^{R d + ) = 5|(R + )® i S , |(R ,i - 1 ). Let Li = P^JF, where 
is the (inverse) Fourier transformation on 



td-1. 



(J7)(p\ • • • .P"" 1 ) = / /(Oe-^ V --^ V - 1 de. 

Obviously, Li is a continuous operator from E^(R°i) to 5^(R^_) with a dense image. 
Besides, (Li/)(p) = /(p) for all / G E(^(R d ). Indeed, this equality holds for / G 
E£(R_) ® E^(R d_1 ), and since both sides of the equality are continuous in /, it is 



14 



valid everywhere on ££(R_). Thus, the lemma is proved for n = 1. For n > 1, 
we make use of the representations £^(Rl n ) = £g(Rl)®i . . . <§>,•!£ (Rl) and S^R* 1 ) = 
5|(R^.)(8)i . . . <g>;£g(R+) which follow by induction from (pU, Lemma [Hand Theorem 3 
of [TT]. Setting L n = Li<g>i . . . ®iL x and arguing as above, we make sure that L n 
is a continuous operator from S^(R dn ) to 5^(R^_ n ) with dense image and such that 
(L n f)(p) = f(p). The lemma is proved. 
Substituting u = W n in (fTTj) yields 



By condition (W3), there is a continuous seminorm P on S^(R^ n ) such that |W / n (/)| < 
P(f) for every test function in SpiM.^). By LemmaEland equality (|19J). it hence follows 



Summarizing the above discussion, we obtain the following set of conditions on the 
Schwinger functions: 

51 (Growth and singularity) s n G ^f(Rj n ); 

52 (Euclidean invariance) s n {Tx\ + a, . . . , Tx n + a) = s n (xi, . . . , x n ) for any rotation 
T and any a G R d ; 

53 (Laplace transform condition) There is a continuous seminorm P on S^(R^") such 
that for every / G J7^(Rl n ) the inequality l-S^C/)! < holds, where / is the 
function defined by formula (fTSj) ; 

54 (Symmetry) s„(x 7r (i), . . . , x^f n )) — s n (xi, . . . , x n ) for all permutations 7r of the 
indices. 

We now can formulate the main result. 

Theorem 5. For a given sequence of Wightman functions w n satisfying W1-W4, 
the corresponding sequence of the Schwinger functions s n satisfies S1-S4. Conversely, 
generalized functions satisfying S1-S4 are the Schwinger functions corresponding to a 
uniquely determined sequence of Wightman functions satisfying W1-W4. 

Proof. The construction of the Schwinger functions corresponding to given Wight- 
man functions and the derivation of the properties S1-S4 are given above and we we 
only need to prove the converse statement. Let the sequence s n satisfy S1-S4 and 
let L denote the image of Rl n under the mapping / — > f. By S3, the linear func- 
tional / — > S n (f) defined on L is continuous in the topology of ^(R^ 1 ) and in view of 
Lemma El there is a uniquely determined generalized function W n G S'^M.^) such that 
W n (f) — S n (f), f G £^(Rl n ). The invariance of W n under spatial rotations follows im- 
mediately from S2. To prove the invariance of W n under pure Lorentz transformations, 



it suffices to show that X iW n = 0, where I = 1,2,3, X i = J2k=o(P°k^/^Pk + Pk^/^Pk) 
are the infinitesimal generators of boosts. Let Y i = Ylk=o(£k® / ®£k ~ £l®/®£k) ^ e ^ ne 




(19) 



that|S n (/)|<P(/),/e27£(R?). 
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infinitesimal generators of Euclidean rotations. It is easy to see that Yoz/ is taken to 
Xoif by the mapping / — > f and hence XoiW n vanishes on L: 

(X ol W n )(f) = -W n (XoJ) = S n (Y 0l f) = (Y ol S n )(f) = 0, / G E£(R?). 

Using Lemma M and the continuity of W n , we conclude that XoiW n = 0. By the 
proven Lorentz invariance, W n belongs not only to Sfi{Rf), but also to every space 
S^ a ((AIR^) n ), where A is a proper Lorentz transformation, and, moreover, to every 
space s'p(AM.+ , . . . , AR+). Applying Theorem |21 and using the equality HaAR+ = V+, 

we conclude that V™ is a strong carrier cone of W n . We now define the Wightman 
functions w n by formula (0) and the second relation in (JTJ). Obviously, w n satisfy 
conditions Wl, W2, and W3. Substituting u = W n in (fTTj) shows that s n are indeed the 
Schwinger functions corresponding to w n . The symmetry of s n implies the symmetry 
of the Wightman functions w n in their ordinary analyticity domain, whence property 
W4 is derived by the standard arguments [Ej. The theorem is proved. 



6 Wick power series 

In this section, we show that the generalized spectral condition formulated in the previ- 
ous section is satisfied for the simplest examples of quantum fields with highly singular 
infrared behavior, namely, for the fields representable by infinite series in the Wick 
powers of an indefinite metric free field 0, i.e., by series of the form 

oo 

$^4:0 fc :(x). (20) 

fc=0 

We assume that is a tempered operator-valued distribution acting in a Hilbert-Krein 
state space Ti (see [3] for the role of this condition). This means that Ti is endowed, 
in addition to an indefinite metric (•,•), by an auxiliary positive scalar product (•, •) 
connected with (-,-) by the relation ($, = (Q,6^), where ^ G Ti and 9 is a 
bounded self-adjoint operator such that 9 2 = 1. The scalar product (■,■) determines 
a distribution u> ma j, which is called the majorant of the two-point vacuum average 
w(x — x') = (\l/o) 0( a; )0( a;/ )^'o)) by the relation 

(0(/)* O) <j>(g)*a) = J w ma j(x,x')f(x)g(x')dxdx', 

where \I/o is the vacuum and /, g are test functions in the Schwartz space S(M. d ). The 
the Krein structure implies [THJ that w m3i j(x, x') is the boundary value of a function 
w ma j(z, z') holomorphic in the tubular domain { (z,z') G C 2d : y = Imz G V_, y' = 
Im z' G V+ } . As in jTHj , we find it convenient to characterize the infrared and ultraviolet 
behavior of the majorant by a pair of monotone nonnegative functions w IR and w uv 
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increasing as their arguments tend to infinity and to zero, respectively, and satisfying 
the estimate 

|w maj (z,/)| < C(l + w m (\z\ + \z'\) +w uv (\y\ + \y'\)), (y,y') eVxV, (21) 

for any compact subcones V and V of V_ and V + (with constant C depending on 

V and V). Formula ()21)1 also allows to estimate the analytic two-point Wightman 
function w(z) because 

\w(x - x' - 2iy)\ 2 < |w maj (x - iy, x + iy)\ |w maj (x' - iy, x' + iy)\ (22) 

for all y G V + . Indeed, as 2 = 1, we have 

| (0(/)*„,0(0)*o) I <H0(/)*o|| U(g)M • 

Taking /(£) = {v j V?)^ 2 ^'"^ 2 and g(£) = {v / ' ^) d e~ u2 ^- x '- iy ^ and writing the 
left- and right-hand sides in this inequality as integrals over a plane in the analyticity 
domain and passing to the limit as v — > oo, we immediately obtain (}2"2*j) . Choosing 

V = -V in (j2JJ) and substituting (j2TJ) in (J22J) yield 

\w(0\<C(l + w IR (2\(\) + w uv (\r)\)), r) = lm(eV, (23) 

for any compact subcone V of V_ with C depending on V. 

The following criterion allows finding the adequate test function space on which the 
series (j2T?j) is convergent. 

Theorem 6. Let <p be a free field acting in a Hilbert-Krein space 7i, and let the 
positive majorant of its two-point Wightman function satisfy the inequality $21\ with 
monotonic w IR and w uv . Let the coefficients dk satisfy the condition 

<Ah k+l \d k+l \ (24) 

with some A, h > 0. Then the series (f^l is well defined as an operator-valued general- 
ized function on every space such that a > 0, (3 > 1, and the relations 

Y,L k k\\d 2k \w IR {r) k < C L>e e* rl/a , J2 Lkkl \ d ^\ w ^ k ^ C^e*- 1 ^ (25) 

k k 

hold for an arbitrarily large L > and an arbitrarily small e > 0. 

This theorem follows immediately from Theorem 3 of (THj because (I25j) implies the 
inequality 

Me st Y,L k k\\d 2k \w uv (t) k < C Ltt exp\J3(e/(p- l))^ p s l '% 

k 

It is straightforward to verify that in the case a > 1, the sum of the series ()20|) satisfies 
the usual Wightman axioms (except positivity). For < a < 1, we have the following 
theorem strengthening the results of |12j . 

Theorem 7. Under the conditions of Theorem® the Wightman functions of the 
field <f(x) = Y2h=odk'-4> k '-{x) satisfy the requirements W1-W4 including the generalized 
spectral condition. 
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Proof. The only nontrivial point is to check the fulfilment of the generalized spectral 
condition. The expression for the n-point vacuum expectation value of the field ip given 
by the Wick theorem is a power series in n(n — l)/2 variables w(xj — x m ) and can be 
written as 

ip(x x ) . . . <p(x n )^ ) =J2d k w k , 

K 

where K is an integer-valued vector with nonnegative components kj m , 1 < j < m < n, 
and w K (x) is the boundary value of the function w K (z) = Ylj<m w ( z i ~ z m) krm analytic 
in the tubular domain { z G C dn : Zj — z m G M. d + i V_ ,l<j<m<n}. The usual 
combinatorial analysis related to the Wick theorem shows that 

Dk= 4i n d ^ 

' l<i<n 

where = + . . . + fe J -_ij+A;j ) j + i + . . - + kj n is the total number of pairings in the given 
term of the series that involve the argument Xj, and we follow the usual convention 

K\ = ]Jk jm \, «!= J] «,•!. 

j<m 

Correspondingly, the n-point Wightman function expressed in terms of the difference 
variables is given by 

W n - 1 (£) = '52D K W K (Z), (26) 

where W K (^) is the boundary value of the function W X (C) = ELk™ w (0+- • •+Cm-i) fc: ' m 
analytic in the domain M d ( n - X ) +iY n 7 1 . To prove the theorem, it is sufficient to establish 
that the series YIk DkW k converges unconditionally in A^(V-, ■ ■ ■ , VI). Indeed, in 
this case, Theorem 0] shows that W n -i, which is the inverse Laplace transform of the 
sum of this series, belongs to s^(V + , . . . , V+), i.e., the generalized spectral condition is 
satisfied. Since A@ is complete, it suffices to verify that 

X;I^IIIW jc |Uvl....,v^ 1 <oo (27) 

K 

for any e > and any cones VI, . . . , V n -\ compact in V_. Let V be the closed convex 
hull of the union VI U. . .UV n _i. The cone V is the second dual cone of VI U. . .UV n _i and, 
therefore, is a compact subcone of V_ (because if V (e U and U is an open cone, then 
U* C int V*). Obviously, r)j + .. . + r] m -i G V for any r] = (r)i, ... , i] n ^i) G V x X . . . x V n _i 
and for any 1 < j < m < n. Further, there is a A > such that 

\Vj + • • • +Vm-l\ > H\Vj\ + ■■■ + \Vm-l\) (28) 

for all r) G V_ and j < m. Indeed, for fixed j and m, is fulfilled if we take 
A = Xjm = _ m m f \Vj + ■ ■ ■ + T)m-l\- 

(r;j,...,r; m _i)gV™ J , |+...+|r? m _i |=1 
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By the convexity of V_, we have rjj + . . . + ^ m -i = if and only if rjj = ... = ?7m-i — 0. 
This implies that Xj m > because the infimum is taken over a compact set. So we 
can set A = mmj <m Xj m . By and the monotonicity of w m and for 

C G IR^™- 1 ) + iy x x . . . x K-i we have 

|W*(C)| < (n+ + WM (2n|C|) |iC| + V n " 1 ^v(A|7 7 ,|)^), (29) 

< 'i=i 

where \K\ = Ylij< m kjm- The condition and the inequalities < (n(2n — 

1))'^' and k! < \k\\ < S K \(\K\\) 2 following from the well-known properties of polynomial 
coefficients yield 

\D K \ < A'h'W\K\l\d2\ K] l (30) 

where the constant h! depends on n. If w m and w uv are not both identically zero (which 
is assumed), then (|25jl implies that for any L > 0, there is a such that 

k\\d 2k \ < C L L- k , k = 0,1... (31) 

Using (j23J), d23l, (JUJ), (EH), and Definition H we obtain 

|£>;d IIW^H^,...^ < Ci !£ ((n + l)C/i'/L)^. 

This proves ()27|) because the number of multi- indices with fixed |-fT| depends poly- 
nomially on \K\ and L is arbitrarily large. The theorem is proved. 

7 Conclusion 

We see that the proposed formulation of the spectral condition offers a means for a 
reasonable generalization of a considerable part of the Wightman-type formalism to 
quantum fields with highly singular infrared behavior. In particular, gauge- dependent 
quark fields, which were claimed in (201 to be ill-defined mathematical objects, can be 
treated in this enlarged axiomatic framework. This situation is somewhat analagous to 
that in nonlocal QFT, where the corresponding generalization of local commutativity 
ensures the preservation of the PCT-symmetry [21] and the spin-statistics relation |22j . 
i.e., those basic physical results that are commonly believed to be consequences of 
locality. 

In this paper, we have made no attempt to derive an appropriate extension to 
infrared singular fields of the Osterwalder-Schrader linear growth estimates which also 
ensure the reconstruction of Wightman functions from Schwinger functions and which 
proved to be effective in constructive QFT. At first glance, there are no obstacles for 
obtaining such a generalization provided the positivity condition is kept. However, this 
condition is violated for all relevant examples of infrared singular quantum fields. For 
this reason, we confined our consideration to the indefinite metric case. 
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We conclude by a remark on how a notion analogous to that of a strong carrier 
cone of an analytic functional can be introduced in the framework of Fourier hyper- 
functions (i.e., functionals defined on Si) which is universal for local QFT |2S1IS|- The 
construction given below is parallel to that of Section |21 

Definition 1'. Let U be an open set in M, k . The Banach space Sl' B (U) consists of 
functions analytic in the 1/A-neighborhood Uua of U in C k and having the finite norm 

\\f\\u,A,B= sup \f(w)\eM\p/B\). 

The space SHU) is defined to be the inductive limit lim ^([J). 

Let lZ k be the radial compactification of R fc . For U C TZ k , we denote by U the set 
U fl lR fc . A compact set fC C lZ k is said to be a carrier of a functional u G ^(H^) if 
u has a continuous extension to the space s\(K.) = lim SUU), where IA runs over all 
open neighborhoods of /C in 1Z . The following definition is an analogue of Definition 121 

Definition 2'. Let fC\, . . . , K n be compact sets in TZ kl , . . . , 7Z kn respectively. The 
functional u G S , ( 1 (M fcl+ " ,+fcn ) is said to be carried by the family of sets JCi, . . . , JC n if u 
has a continuous extension to the space s]^(/Ci, . . . , fC n ) = lim SlilAi x . . . x U n ), 

where the inductive limit is taken over all open neighborhoods U\, . . . ,U n of the sets 
/Ci, . . . , K n respectively. 

For f C we denote by K the closure of K in lZ k . Let K%, . . . K n be closed sets 
in W kl , . . . , ~R kn respectively, and let K — K\ x . . . x K n . The following example shows 
that the space s'i(K) is, in general, different from s'l(Ki, . . . , K n ). 

Example V. Let fci = k 2 = 1, K x = R+, K 2 = {0}, and K = R + x {0}. Clearly, 
s'i(Ki, K 2 ) C s'l(K). In this case, we can assume that U\ )2 in Definition 2' are just the e- 
neighborhoods of R + and {0} respectively, lie < 1/2, then the sequence g n (p) = P 2 e ~ Pl 
converges to zero in every space S\^{Cli x U 2 ) with A > 2 and B > 1 and therefore 

is bounded in s\{K 1: K 2 ). If the sequence g n were bounded in the DFS-space s\(K), 
then it would be bounded in some space Sl'^(U), where U is an open neighborhood 

of K. However, any such U contains the ray r\ = { (pi,p 2 ) : pi > 0, p 2 = Xpi } with 
some A > and, therefore, we have HPnllzJ^B — su Pper A \dn 

(p)\ = \ n n n e- n . Thus, the 

sequence g n is unbounded in s\{K) and there is an u G s'i(K) such that the number 
sequence |w(^ n )| is unbounded (because any weakly bounded set in a locally convex 
space is bounded). Obviously, u does not belong to s'l(Ki, K 2 ) and so the latter is 
different from s'i(K). 

This distinction may be essential for hyperfunction QFT, where the spectral con- 
dition can be formulated in two alternative ways. One can require either that W n G 
s'-l(V%) as in [231121 or that W n G s£(V+, . . . , V + ). It would be worthwhile to examine 
the second condition from the viewpoint of the Euclidean formulation of hyperfunction 
QFT, but this is beyond the scope of the present paper. 
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Appendix A. Proof of Lemma [T] for a = 0. 

Lemma 11. Let Qi,Q 2 be nonempty cones in IR fc and let hi,h 2 be C°° -functions on 
C k such that f — hi + h 2 is analytic in C k . If the norms \\hi\\Q u A,,B, \\h 2 \\Q 2 ,A,B , and 
\\dhi/dwj\\Q lU Q 2t A,B (given by @ with a = 0) are finite for some A,B>0, then one 
can find fi j2 G S^Qip) such that f = fi + f 2 . 

Let us derive Lemma Q from Lemma ITT1 Let \ G Cg°(IR fcl ) satisfy j Rkl x{p')dp' = 1. 
We set go(w') = xi^ ew ') and define gi j2 by (jOJ). The functions gi y2 (w) as well as 
their derivatives dgi ;2 /dwj, j = 1, . . . , k± + k 2 , satisfy the estimate (J7J) with a = for 
any A ,B > 0. Therefore, setting Q 12 = (U U U 1)2 ) x V and repeating the proof for 
nonzero a, we conclude that the norms \\fg 2 \\Q 1 ,A,B, \\fgi\\Q 2 ,A,B, \\fdg 2 /dw j \\ QuAt B, and 
Wfdgi/ dwj\\Q 2t A,B are finite for A,B sufficiently large. Moreover, since g\ + g% = 1 and 
dgi/dwj = -dg 2 /dwj, we have \\fdg 2 /dwj \\q iU q 2 ,a,b < oo. Thus, h lj2 = fg 2A satisfy 
the conditions of Lemma ITT1 because dhi/dwj = fdg 2 /dujj in view of the analyticity of 
/. Lemma ^ is proved. 

Proof of Lemma El Let h be a measurable function on C fc and U be a nonempty 
cone in M. k . For a, b > sufficiently large, from Definition (H) it follows that 



C \\h Wu.a.b > 



U,A,B dL \\iH\U,a,b 



.1/2 

\h(w)\ 2 exp(- Pu , a , b (w))d\(w) , (32) 



where Pu , a , b (p + iq) = - Y%=i \Pj/b\ 1/l3 + ainf p , eU £)* =1 ^ - pj.| + a^J = i dA is 
the Lebesgue measure on C fc , and C is a constant independent of h. If /i is analytic, 
then using Cauchy's integral formula, one can prove ^H] the converse statement, i.e., if 
I u a b < 00 f° r some a,b > 0, then h G 52 (Cf). 

Suppose there is a locally integrable function tp on C fc which has the finite norm 
Iqiuq 2 oi 6i f° r some > and satisfies, as a generalized function, the inhomo- 

geneous Cauchy-Riemann equations 

wr* 1 * j=1 >-> k > (33) 

where ^ = dhi/dwj. Then /i — hi — ip and $2 = h 2 + ip satisfy, as generalized 
functions, the homogeneous equations dfi^/dvJj = and, consequently, are ordinary 
analytic functions. Moreover, in view of (|3^j) we have ||/i,2||q 12 6 < oo for a > ai, 
b > bi sufficiently large, i.e., f 1)2 G Sp(Qi ;2 ). The following lemma allows to apply 
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the Hormander's /^-estimates j2H] to prove of the existence of a function if> with the 
specified properties. 

Lemma 12. For any a,b > and any nonempty cone are a 

plurisubharmonic function p on C fc , positive numbers a', b' , and a constant H such 
that pu^ b - H < p < pv, a ',v- 

Supposing Lemma^Jis proved, we finish the derivation of Lemma ITT1 Let U = Q\ U 
Q 2 - By (|52*jl and the condition of Lemma ITT] there are a, b > such that ||?7j||[/ a & < oo. 
According to Theorem 4.4.2 of (23 there exists a solution if) of equations such that 



2 f \i/j\ 2 e- p (l + ||«;|| 2 )- 2 dAH < V f 



|^| 2 e- p dA(w), (34) 



where ||w|| = (|wi | 2 + ... + |wfc| 2 ) 1//2 . By Lemma IT2*1 the integrals in the right-hand side 
are bounded by e H (||^-||^- a6 ) 2 and, therefore, are convergent. Estimating e~ p in the left- 
hand side of (J53|) from below by the function e~ Pu - a '' b ' , we conclude that H^llt/o' y < °°i 
where if) = (1 + ||u>|| 2 )~ 1 '?/>. To complete the proof, it remains to note that | \if>\ \ ' Uaibl < 

c \\i>\\u,a>,b' for oi > o', 6i > 6'. 

Proof of Lemma EH is essentially contained in the derivation of Theorem 5 of 
We assume < a < l/2ek; to pass to the general case, it suffices to make a rescaling of 
the arguments. Let a = eka. By Lemma 4 of [TT], there are a sequence <pisr(w) £ SaQR) 
and constants A, I? > independent of iV such that 

I^jvMI < Aexp(\q\ - \p/b\ 1/(i ), w = p + iq £ C, (35) 
ln\cp N (iq)\ > a\q\, (36) 
In \<p N (w)\ < \q\ - Nln+(a\p\/N) + B, (37) 

where ln + r = max(0,lnr). Let a' > 2 and let 

p(w) = sup {Q n (w-k)+M n (k)}, M n (k)= mf {-® N (w-K) + p Uta/ , b (w)}, (38) 
Ke& k ,N w ^ ck 

where $jv(w) = 2 X)j=i m l^ivC^-)). Obviously, we have p < pu, a ',b- Since functions $tv 
are plurisubharmonic, p(w) = \im w i^ w p(w) is also a plurisubharmonic function, see [26J, 
Sec. II. 10.3. In view of the continuity of pu, a ',b we have p < p < pu,a>,b and it remains to 
show that p > pu, a ,b — H. From (J33j) and the inequality \pj — Kj] 1 ^ > \pj\ l/ 
it follows that 



VP _ \ K .\VP 



-Q N {w - «)/2 - £ . IftV&l 1 ^ + £ . |<&| > -kin A - V . | S /op, 

z — '3 z — 'J ' — '3 

and hence M^(k) > —kin A — £V + Ln(k), where 

Ljv(k) = inf \ -<$> N (w - k)/2 + inf V \ Pj - p'A + V \ qj \ \ . 
wec k i p'eu * — *3 J z — '3 J 
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Therefore, estimating the supremum in (|38j) from below by the value of the function at 
k, = p = Re w and taking (|37)|) and the inequality 2cr > a into account, we find that 

p(w)>a,y^ \qj\~y^ \pj/b\ 1/p + sup L N (p) - kin A. 

Thus, it suffices to show that snp N L^(p) > amf p / e u^2j \Pj ~ Pj\ ~ C. Passing to the 
Euclidean norm \\p\\, using the elementary inequalities ^ ln + \pj\ > \n + (\\p\\ / \/ r k) and 
Ibll — Ylij \Pj\i an d estimating & N by (}3*Tj) . we conclude that 

L N {p) > -kB + M {Nln + (a\\X\\/NVk) + Su(p + X)}, 

AgR fe 

where Su{p) = ini p / eU \\p — p'\\. Estimating Su{p + A) from below by m&x(5u(p) — ||A||, 0) 
and calculating the infimum with respect to A yield L^(p) > N ln + (aSu(p) / 'N Vk) — kB . 
Let 5u (p) > ey/k/a and let N be the integer part of a5u(p)/e\/k. In view of the 
inequality £V \pj\ < Vk\\p\\ we find that 

sup Ln{p) > Lm q > 1= 1 — kB > a inf > \p~ — p'A — C. 

n eyk p'eu^ 

j 

Since L^{p) > —k In A by (|33j) . this inequality holds for all p6ft fc with a new constant 
C . The lemma is proved. 



Appendix B. Proof of Lemma 31 

By Lemma 2 of [T3|, the spaces l/ 1,2 ) are representable as inductive limits of sequences 
of Banach spaces L^ 1 ' 2 ' with injective connecting mappings u k 1 ^ : L^' 2 ^ —>■ Lm' 2 \ 

(1 2) (1 2) 

1 < k < m, which take unit balls in L k to compact subsets of L m ' ■ Let M k = 
L k 1 ' <g>j L k = L k g)^ L k and M = lim fc M k . We denote by w^ 1 '^ and u k the canonical 

embeddings of L^' 2 ' into Z^ 1 ' 2 ) and of M k into M respectively. One can identify the 
space M with <8>j l/ 2 ) using the canonical separately continuous bilinear mapping 
from Z/ 1 ) x Z/ 2 ) into M which is uniquely determined by the relations 

u[ l \xi) <g) u[. 2) (x 2 ) = ® x 2 ), Xi )2 e -Lfc 1,2) . (39) 

To prove the lemma, it suffices to show that this mapping is continuous. Let V be 
an absolutely convex neighborhood of the origin in M. Set V k = u k (V). We shall 
construct sequences of absolutely convex neighborhoods V k of the origin in L h 
such that 

« u k 1 ^(V^)cVi 1 ' 2 UoTm>k; 
(ii) V k W ®V k (2) cV k ,k = l,2...; 
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(iii) The set u^' '(V^ 1 ' 2 ') is compact in Lm' 2 ' for m > k. 

The sets V^ 1,2 ^ 1 = IJfcLi u k''^ ^Vk^' 2 ^) are neighborhoods of the origin in i/ 1,2 ) because 
they are absolutely convex (in view of (i)) and [wjj. ^(V^ 1 ' 2 )) contain V k . Moreover, 
by (|3T?j) and property (ii), we have ® C V, i.e., the mapping (x,y) — > a; (g> y 
from Z/ 1 ) x Z/ 2 ) to M is continuous. 

fl 2) ~ 

We construct the sequences V k ' by induction. Let V k denote the inverse image of 
\4 under the canonical bilinear mapping from Lrjp x L {2) to M k . Let v} 1,2) be closed 
balls in L{" 2 ^ such that x C Vi. Suppose V^ 1 ' 2 ^, . . . , Vj; 1 ' 2 ^ satisfying (i)-(iii) 
are constructed. The compactum u k 1 k+1 (V k ^) x u kk+1 (V k ) is contained in the open 
neighborhood of the origin V k +i- Hence, there are closed balls Z^ 1 ' 2 ) in L^ff such that 
["SUtf >> + x [«2L«F) + B«] c Vi. +1 . Set v£f> = ^'.(vf 2 ') + B (i,2). 

fl 2) fl 2) 

Conditions (i) and (ii) are obviously satisfied. If m > k + 1, then m (^fc + 'i ) is the 

sum of the compact sets u k ^(V k ) and u k +i mi^ 1 ' 2 ^) an d, therefore, is also compact. 

To prove the second statement of the lemma it suffices to note that i- and 7T- 
topologies coincide on the tensor product of the Frechet spaces L^' and L^' and 
that (Z/ 1 )£g> 7r Z/ 2 < ) )' = Z/^'tgvZ/ 2 )' for arbitrary DF-spaces 

L (l,2) 

one of which is nuclear 

(see [15], Chapter IV, Problem 32). The lemma is proved. 
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